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The characteristics of the free surface in an orifice driven by a periodic
forcing function have been studied both theoretically and experimentally. In the
theoretical study, two wall boundary condition cases were examined: 1) the radial
velocity at the wall of the orifice is zero; and 2) the axial velocity at the wall of the
orifice is zero. The result for both boundary conditions is a modal solution where
the predicted surface shape as a function of orifice radius and frequency are Bessel
functions. The modal frequencies and annular peak locations are also predicted, as
a function of orifice radius, for both boundary condition cases. The modal
frequencies and annular peak locations differ between the boundary condition
cases. The experimental results show: i) the axial velocity boundary condition
matches the general behavior of the surface at the wall better than the radial
velocity boundary condition case; ii) that the surface shapes generated have the
same characteristics as the Bessel function; and iii) near the centerline, the surface
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1.INTRODUCTION
Droplet formation is an important process for ink-jet printing, as well as
applications such as medical dosing, atomization of fuels for combustion, mixing of
immiscible liquids, and in the manufacturing of fine powders or granules. In all of
these applications, controlling the droplet size is critical. Additionally, the ability
to vary the droplet size by changing the operating conditions only, not the nozzle
hardware, has great advantage. In the applications of ink-jet printing and medical
dosing, the advantage translates to increased value of the product for the end user
due to the increased versatility. For combustion and mixing applications, the
advantage becomes the potential for process control. Finally, in the case of
manufacturing, the advantage results in a direct operating cost savings due to
elimination of tool changes when the desired particle size changes.
Droplet formation involves a complex interaction of surface tension and
momentum. Surface tension forces result from the shape of the free surface.
Droplets are formed from fluid near the free surface; the momentum of this fluid is
proportional to the velocity of this free surface. Therefore, it is important to
understand how the free surface is changing prior to droplet formation. Once the
shapes and motion characteristics of the free surface, at amplitudes lower than2
those necessary for droplet formation, are understood, the problem of how droplet
formation occurs can be analyzed with initial conditions more closely matching the
real conditions on the surface of a nozzle.
The focus of this work is two fold. First, theoretically predict the shape of
the free surface in an orifice driven by a periodic forcing function at the inlet.
These predictions will be functions of the orifice radius and the forcing function
frequency. Second, to validate the theoretical predictions with data obtained from
experimental work performed on several orifices of varying radius.
The specific problem investigated both theoretically and experimentally in
this thesis is as follows. A liquid is contained within a right circular orifice with a
length to diameter ratio near unity. The inlet of the orifice is open to a reservoir
containing the same liquid as within the orifice. The exit is open to another
reservoir of a different fluid. The inlet is driven by a periodic forcing function,
while the exit is governed by a free surface.It is the response of the free surface, as
a function of the driving function frequency and the orifice radius, which is of
interest.
Detailed experimental examination of surface shapes, or instabilities, at the
orifice sizes being examined in this work, about 1mm in diameter, have not been
reported in the published literature to date. Additionally, the methods used to
capture images of droplet formation reported in the literature do not provide
sufficient detail, either spatially or temporally, to study the surface oscillations.Development of other imaging techniques was required to gather the data needed
for this study.ri
2.LITERATURE REVIEW
The idea of using a jet of ink to record information dates back to Kelvin in
1873 (Kamphoefner, 1972). Interest in ink-jet printers has been revived
periodically, starting in the earlyl93O's, then again around 1950. At these times,
the ink jets were typically used for producing strip charts or oscilliographs. The
first ink jets used to print text didn't show up until the late 1960's and early 1970's.
Most of the systems developed prior to the 1970's consisted of a continuous jet of
ink, which would break-up into a stream of droplets due to the Rayleigh instability.
These droplets would be electrostatically charged upon break-off, then
electrostatically deflected to their proper position on the paper.
There were many methods to aid drop formation and deflection developed
over the years. A good summary of these early ink jets is contained in the paper by
Kamphoefner (1972). One of the last types of ink-jet printers discussed by
Kamphoefner is a piezoelectrically driven ink-jet. This type of printer is
fundamentally different from that mentioned above due to its ability to produce a
single drop asynchronously on demand.
2.1DROP FORMATION IN INK JET PRINTERS
Currently, commercially available ink-jet printers produce droplets by two
primary methods. The first is thermally driven, and these work by vaporizing a
small portion of ink. The resulting bubble drives a droplet of the liquid ink out the
nozzle. The second is piezoelectrically driven, there are several variations of thistype which use different types of piezoelectric elements such as benders, cylinders
or slabs. All are common in that voltage is applied to apiezoelectric element
causing the element to displace, thus driving a droplet of ink from the nozzle.
2. 1. 1Thermally Driven Print Heads
In a thermally driven ink-jet, thermodynamics and hydrodynamics are
important in order to understand its operation. Thermodynamic conditions
prescribe the vaporization of the liquid ink, while a combination of
thermodynamics and hydrodynamics dictate how the vapor bubble grows and
shrinks. Hydrodynamics direct fluid ejection and print head refill. Allen et al.
(1985)proceed through a discussion of each of these points for the ThinkJet print
head. Analytically, they determined the heating profile needed to vaporize the
liquid ink, then control bubble growth and shrinkage. They also described a two-
dimensional axisymmetric finite difference model used to simulate the
hydrodynamics of the print head to better understand the drop formation process.
Asai(1992)describes a numerical simulation of a bubble-jet-print-head. In
contrast to Allen et al.(1985),Asai used a three-dimensional finite difference
numerical model based on the volume of fluid method (Hirt and Nichols,1981).
Asai's model is also different from the Allen et al. model in that the
thermodynamics of the bubble growth and shrinkage are included. The results of
this numerical model are also compared to experimental work, showing good
agreement for bubble growth and contraction, as well as drop formation outside thenozzle. In the numerical model, the meniscus retracted into the nozzle earlier in the
cycle than in the experimental results.
Deshpande (1996) looked at the transient refill behavior of a thermally
driven print head. To study this transient behavior, a lumped parameter model was
used to assign resistances, inertiances, and capacitances, which characterized the
nozzle, and refill chambers. Using these elements in a circuit analogy of the print
head, predictions of the drop volumes, and refill times were made.
2.1.2Piezoelectrically Driven Print Head
One of the piezoelectric driven print head types discussed extensively in the
literature (Beasley, 1977; Bogy and Talke, 1984; Shield et al., 1987) is the
cylindrical type. This type of print head uses a pipe shaped piezoelectric crystal,
whose inner diameter reduces when actuated, thus expelling a droplet of liquid
from the attached nozzle. In the study by Beasley (1977), each phase of the print
head cycle is isolated and the inertial and viscous effects in the refill tube, the
actuator, and the nozzle, are analyzed. Since the refill tube, actuator and nozzle are
not all the same diameter, the analysis is simplified by modeling each element with
a common diameter, and calculating an effective length for each element.
Although this method of modeling the print head shows good agreement with
experimental work, it is more cumbersome than the lumped parameter method
described in the Deshpande (1996) paper.
Bogy and Talke (1984) looked at the same type of print head and explained
the drop ejection in terms of acoustical pulse propagation. By timing the7
contraction phase of the piezoelectric transducer, with the reflected pulse of the
expansion phase, a pressure pulse double the amplitude of that which would be
generated by the contraction phase alone can be generated. This theory is a result
of experimental observations that meniscus motion is dependent on cylindrical
cavity length. The paper by Shield et al. (1987) builds on the work by Bogy and
Talke (1984). Shield et al. discusses experimental and numerical results for a
cylindrical type print head, for a range of Weber numbers. Only a qualitative
comparison between the numerical and experimental results is made, although they
do agree well.
Wallace et al. (1996) discuss a method of controlling droplet size using a
piezoelectric transducer similar to the pipe type discussed above. It is similar in
that the walls of the piezoelectric chamber expand and contract, as in the cylindrical
type. This piezoelectric chamber though, has a rectangular geometry, and the long
sidewalls bow in and out to achieve the contraction and expansion of the chamber.
The drop size modulation technique uses the theories put forward by Bogy and
Talke (1985). By modulating the compression phase of the transducer, the
amplitude and duration of the pressure pulse at the nozzle can be reduced, thereby
reducing the droplet size. The construction of this type of transducer however is
much more complicated than the typical ink-jet-print-heads currently on the
market.
Kyser (1981) studied a piezoelectrically driven print head, made up of
rectangular channels, which used a bender element placed on one side of a reservoiras the driver. This type of print head is similar to those currently being used.
Kyser analyzes the fluid physics within the print head, using the Beasley (1977)
equivalent length method. His analysis, although cumbersome like Beasley's, it
also agrees well with experimental results.
Several general numerical studies of drop ejection from drop-on-demand
print heads have been performed (Fromm, 1982, 1984; Adams and Roy, 1986;
Yamamoto et al., 1991). These studies model only the nozzle and free surface flow
downstream of the nozzle, as well as prescribing a pressure history at the inlet of
the nozzle. There is no discussion in any of these papers of an analysis of the fluid
dynamics upstream of the nozzle leading to the prescribed pressure history. Fromm
(1982, 1984) performs a numerical study using the full cylindrical axisymmetric
Navier-Stokes equations of motion. He uses an Eulerian grid to define the flow
region, and a Lagrangian net of points to define the free surface. This method
works well to predict drop velocities, drop volumes, and satellite drop formations,
but it is computationally intensive.
A less computationally intensive method is described by Adams and Roy
(1986). This method uses a one-dimensional approximation of the equations of
motion based on a finite difference solution to the Lagrangian equations of motion.
The one-dimensional approximation is dependent on the assumption that the radial
component of velocity is small. The results however, do compare well with the
those of Fromm (1982, 1984).Yamamoto et al. (1991) also used a one-dimensional approximation to
numerically model the drop ejection process; however, they first verified, using a
two-dimensional axisymmetric numerical model, that the radial velocity component
is indeed small. The results of the one-dimensional model are also compared to
experimental data to validate the formation and behavior of the main and satellite
droplets. The model predicts the formation and behavior of the main and satellite
drops well for the shorter duration input impulse rise times.
2.2PRESSURE DRIVEN STANDING WAVES
The particular method of producing multiple drop sizes from an orifice has
only been addressed in the literature by Burr Ct al. (1996a, 1996b), and Berger et al.
(1997). These papers, contain a discussion of modeling the internal elements of a
piezoelectrically driven print head by using the lumped parameter method, identical
to the method used by Deshpande (1996). They also contain a discussionof a
method of producing multiple drop sizes by exciting the meniscus surface to higher
order resonance modes.
Of particular interest to this study is the discussion of multiple drop sizes by
exciting the higher order resonance modes of the meniscus. These resonance
modes have a smaller diameter central jet than the orifice. Therefore, they are
expected to produce smaller drops. A linearized potential analysis is performed to
predict the surface resonance frequencies, and shapes of the meniscus. The central
assumption of inviscid flow in the potential flow analysis is justified by analyzing
flow in a long pipe driven by an oscillating pressure gradient. From this analysis, it10
is shown that at high frequencies, the viscous effects are contained close to the
wall, and the velocity profile across the pipe is essentially flat, thus prompting the
use of an inviscid flow model.
2.3ACCELERATION DRIVEN STANDING WAVES
Another topic closely related to that being studied here is that of standing
gravity waves generated by vertical vibration. There are two classifications of
standing waves discussed in the literature, infinitesimal and finite. The
infinitesimal standing waves have a negligible maximum displacement. The finite
standing waves have a non-negligible displacement.
Both types of standing waves are governed by the same set of equations. In
analyzing the infinitesimal surface waves, the equations are linearized by ignoring
the higher order velocity products. This is justified since the displacement is
negligible. In analyzing the finite gravity waves, the equations are not linearized,
and are solved by performing some type of infinite series solutions.
The first people to look at the free surface motions due to vertical vibration
were Faraday, Matthiessen, and Rayleigh all prior to 1900. All of their analyses
fall into the infinitesimal classification. The infinitesimal analysis was not revisited
until Benjamin and Ursell took up the subject in 1954. They showed that the
solution to the velocity potential equations were in the form of the Mathieu
functions. They then used the Mathieu functions to predict the frequencies at
which the surface would be in resonance. These frequencies were charted and then
verified by experiment. They also discussed the special cases of rectangular and11
cylindrical containers. Of special interest in this research are the results for the
circular container, where they showed that the forms of the solutions are Bessel
Functions. Benjamin and Ursell (1954) only predicted the frequencies of the
resonances; they did not predict the surface height response to agiven input. This
is due to the loss of information as a result of the linearization of the free-surface
boundary conditions.
The first non-linear analysis of standing waves on the surface of a vertically
vibrated liquid was performed by Penny and Price (1952). They described standing
waves of finite amplitude against a breakwater, and solved for theshape of the
wave profile. Taylor (1953) followed closely with an investigationof wave height
as a function of input amplitude for standing waves in a rectangularcontainer.
Taylor produced a stability plot for non-dimensional wave height as a function of
non-dimensional frequency, this plot shows where jumps occur as the frequency is
either increased or decreased toward the resonance frequency.
Tadjbakhsh and Keller (1960) also researched finite-amplitude-standing
waves in a rectangular container. They used a perturbation analysis tosolve for the
amplitudes of the standing waves, and their results agree well with those from
Penny and Price (1952). They found that the amplitude of the standing wave, and
average fluid depth have an effect on the resonant frequency, with theamplitude
effect magnifying the fluid depth effect. Below a critical fluid depth value, the
resonant frequency is lowered; above a critical value, the resonant frequency is
increased.12
Fultz (1962) attempted to experimentally validate the amplitude driven
frequency shift shown in the analyses performed by Penny and Price (1952), and
Tadjbakshs and Keller (1960). The experimental results showed the same behavior
as the theoretical predictions, that the finite waves will have ahigher resonant
frequency than the infinitesimal wave when the fluid depth is less than a critical
depth, and a lower frequency when the fluid depth is higher than a critical depth.
However, the critical depth where the crossover occurs was lower in the
experimental results than what the theory had predicted.
Edge & Waters (1964) also experimentally validated the work of Penny and
Price (1952), and Tadjbakhsh and Keller (1960). Their results show the same
general trend, but the agreement is poor at shallow depths.
Mack (1962) was the first researcher to study finite standing waves in a
circular cylinder. In his paper, he proceeds through a general series solution of the
non-axisymmetric, non-linear equations of motion. His analysis shows that the free
surface shapes are in the form of Bessel functions. Another interesting result is that
the positive surface shape (maximum amplitude at the centerline) is not a mirror
image of the negative surface shape (minimum amplitude at the centerline).
Mack's analysis shows that the centerline amplitude is greater in the positive
direction than in the negative direction, and that this effect becomes more
pronounced as the fluid depth decreases. This is significant to the current research
since this will cause a more pronounced central jet when the orifice height to
diameter ratio is small. He also shows that the amplitude of the fluid motion and13
the fluid depth have an impact on the resonant frequency of the surface oscillations.
Above a critical depth, the resonance frequency is increased and below this depth,
the resonance frequency is decreased.
Fultz and Murty(1963)performed experiments to validate Mack's analysis.
The experimental results agreed well with Mack's predictions, except Fultz and
Murty found that the critical depth at which the frequency impact changes sign to
be half of that predicted by Mack.
Another non-linear analysis of the surface of a liquid under periodic
acceleration was performed by Dodge et al.(1965).In their analysis the free-
surface pressure boundary condition is not linearized and is used in conjunction
with the kinematic boundary condition to solve for the amplitude of the free
surface. The solution for the amplitude is obtained through an infinite series
solution. Dodge et al.(1965)also performed experiments using asymmetric and
symmetric mode shapes to validate their work. Of particular interest are the results
for symmetric surface modes. The predicted amplitudes showed excellent
agreement with the experimental results except at the walls; this was attributed to
viscous effects. One other result of interest is that the positive shape (central
portion of fluid above mean level) of the surface wave is not identical to the
negative (central portion of fluid below mean level) shape.
2.4STANDING WAVE INSTABILITIES
As a liquid standing wave is driven past a critical point, it forms an
instability at the tip of the wave that results in a jet of liquid to be expelled. This14
instability phenomenon is discussed by Longuet-Higgins (1972). He proposes that
the hyperbolic form of the ellipsoid of Dirichlet describes this phenomenon. This
form of the ellipsoid of Dirichlet has a pressure singularity when the tip angle
reaches a critical value. Longuet-Higgins uses this singularity to explain the
instabilities at the crests of surface waves. He also uses the solution to the
hyperbolic form to validate Penny and Price's (1952) observation of wave crest
angle.
Blake and Gibbson (1981) discuss numerical simulations and experimental
work on the growth and collapse of a vapor bubble near a free surface. In both the
numerical and experimental work a fluid spike on the free surface is formed. This
spike is similar to that of a standing wave at maximum amplitude.
Longuet-Higgins in his 1982 paper explains the fluid spike observed by
Blake and Gibbson (1981) again in terms of the hyperbolic form of the ellipsoids of
Dirichiet. He also discusses a simple experiment with a vertical vibrating
cylindrical tank partially filled with water showing the same type of fluid spike
emanating from the free surface.
2.5LIQUID JET DROP FORMATION
Once the standing wave is formed, and an instability exists at the end of the
central jet, a droplet may or may not break-off. A first order attempt to describe the
mechanism for drop break-off is the Rayleigh liquid jet instability. Rayleigh
(1879) is the first to rigorously discuss the instabilities, which lead to break up for
an infinite jet of liquid. In this paper, he predicts drop sizes given the wavelength15
of the disturbance. He also discusses which wavelength of disturbance will grow
most rapidly. Rayleigh's next paper in 1882 continues the discussion of the break-
up of liquid jets and includes experiments performed where the surface tension is
varied, and the wavelength of the surface disturbances are varied.
Lee (1974) also looked at drop formation in an axisymmetric jet; he
performed a one-dimensional linear analysis of the equations of motion, and
obtained results comparable to those of Rayleigh (1897). However, since the linear
analysis only holds for small deflections of the surface, Lee also performed a
numerical analysis of the non-linear equations of motion, and found that the break-
up times were comparable with the linear analysis.
Bogy's (1979) paper reviews the then state of the art in experimental work,
analytical models, and numerical simulations of the non-linear behavior of liquid
jets. In particular he discusses the characteristics of satellite drop formation.
Fromm (1981) discusses a numerical solution to the equations of motion for
an infinite jet, and discusses how to control satellite drop formation based on
controlling the phase and amplitude relationship of two disturbances.
Eggers and Dupont (1994) discuss a numerical simulation of drop break-off
for both vertically falling drops from a nozzle and infinite jets. They focus in on
the singularity developed at the break-off point. Their numerical simulation agrees
quite well with experimental work performed by other researchers.16
3.THEORETICAL ANALYSIS
In this section, instabilities on the free surface of an orifice filled with a
liquid are studied. These instabilities can lead to droplet formation for large
amplitude perturbations. This problem is first analyzed including viscous effects;
then using these results, the frequency regime where viscous effects are contained
close to the wall is established. An inviscid analysis is then performed in this
frequency regime to obtain information about the surface shape and modal
frequencies.
3.1NOZZLE FLOW DYNAMICS
In order to determine the frequency above which the fluid flow in the nozzle
can be modeled as inviscid, the velocity profile of the viscous flow is needed. The
problem of flow in an infinitely long pipe with an oscillating axial pressure gradient
is solved. In the actual problem geometry of an orifice, which can be thought of as
a very short pipe, there will be entrance effects near the inlet. This tends to reduce
the thickness of the viscous effected region and therefore reduce the frequency, w,
above which the flow can be considered inviscid. Because of this, the results
obtained here are conservative, yielding an upper estimate of the frequency
necessary for the flow to be considered inviscid. A schematic of the infinite-pipe
problem geometry and coordinate system are shown in Figure 3.1.17
Inlet
Exit
Figure 3.1
Schematic of Pipe Coordinate System
Due to the small dimensions of the nozzle in the experimental work,
gravitational forces are small and are therefore neglected. The working fluid is
assumed incompressible and Newtonian. The flow is also assumed symmetric
about the axis of the pipe. In addition, the radial velocity component and the
change in axial velocity in the axial direction are both assumed to be zero, i.e. the
flow is fully developed. After simplifying the axial momentum equation using the
above assumptions, and continuity, it reduces to:
(1)
trrr) p3xwhere U is the axial component of velocity, v is the kinematic viscosity, p is the
density and P is the pressure.
The boundary conditions for this equation are no slip at the wall, and
symmetry at the centerline.
L11
at: r=R; U=0 (2)
aU at: r=0; =0 (3)
ar
The pressure gradient is assumed to be a cosine function in time. The
following form is used, only the real portion of this expression is valid.
lap
(4) p8x
The amplitude of the pressure fluctuation is given by A0, with units of acceleration,
and w is the frequency of oscillation in radians per second. Substituting this into
the initial differential equation, Eq. (1) yields:
vaaUr-- I+A0et (5)
atrörar )
1.1Non-Dimensionalized
It is useful to non-dimensionalize the governing equation to identify the
important parameters. This can be done by defining the following non-dimensional
variables.
* .r *Uw
t=at;r =; U = (6)
R A019
Substituting these variables back into Eq. (5) and rearranging yields the non-
dimensional form of the governing differential equation:
au*
1 ia (aufl
*= r I + e' (7)
at2r ar 3r)
where the parameter 22 is defined as:
22 =R2
V
(8)
The boundary conditions are also converted to the dimensionless variables
as follows:
at:r*=1;U=0 (9)
* au*
at:r=0; ---=0 (10)
ar
Now examining at the governing differential equation, Eq.(7),it can be
seen that if X is large, the first term on the right hand side, which represents the
viscous effects, becomes negligible. Under this condition, the velocity becomes the
integral of the periodic function with respect to time. This result only occurs when
either the frequency is high, the viscosity is low, or the pipe radius is large.
3. 1.2Velocity Profile Solution
In solving the non-dimensional governing differential equation, Eq.(7),a
separation of variables technique is used where the axial velocity (U*) is assumed,AiJ
to be the product of an unknown function of radial position and the periodic
function in the pressure gradient term:
UF(*)hI (11)
Substituting this into Eq. (7) and simplifying yields:
iF(r*)_Ir* ')= (12) 2r or Or)
Now letting:
F(r*)F(r*)_i
and substituting this into Eq. (12) yields:
(13)
02F(r*)
1OF(r*)
ikF(r )=O (14)
Or*2r
Per Beyer (1976), this is the hyperbolic form of Bessel's equation. The solution for
F(r*)is of the following form
F(r*)=CiIo(2r*)+C2Ko(2r*) (15)
Where,10andK0are the hyperbolic Bessel functions of the first and second kind.
Substituting this solution back into Eq. (13), then the result of this into Eq. (11) and
evaluating the boundary conditions results in the following solution for the non-
dimensional velocity:
iejnb02_i1 (16) [I(2)
J21
This function yields both real and imaginary parts for the velocity, but since only
the real part of the expression for the pressure gradient is valid, only the real part of
this expression is used.
Figure 3.2 shows a plot of the non-dimensional velocity U versus the non-
dimensional radius, r, for various values of A. The indicated U is specifically
evaluated when the real part of the periodic function is maximum during the cycle.
This plot shows that as 2 increases, the region near the wall within which the
velocity variation is significant due to viscous effects becomes thinner. Based on
these results, the flow will be considered inviscid in this study when 2 is greater
than 20. At this criterion condition, the viscous region is only about 8% of the
radius. For a given orifice geometry and working fluid, this value for 2 can be
converted to a frequency of oscillation above which the flow can be considered
inviscid by using Eq. (8).
3.2SURFACE DYNAMICS
Having identified the regime within which an inviscid approach is valid, an
inviscid analysis can now be performed to obtain the characteristics of the surface
shapes. It is expected that the surface shape will be affected by viscous forces only
very near the wall.1.1
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Plot of Non-dimensional Velocity Profiles (U*) for Various Values of 2
A schematic of the nozzle problem is shown in Figure 3.3. The problem
consists of a cylindrical tube of radius R and length h. The exit is bounded bya
free surface, and the flow is assumed to be steady periodic.
The governing equation for this analysis is the continuity equation:
V.(pU)=O (17)
The velocity potential,,which is defined as:
Ur=,and U =- (18)
ax23
can be substituted into Eq. (17), and assuming the flow isincompressible and
axisymmetric, yields the following as the final form of the governing equation:
1a aci ö2ii r I+-0 (19)
rarar)ax2
I Free Surface
/
Inlet
Figure 3.3
Schematic of Nozzle Coordinate System
3.2.1Boundary Conditions
Four boundary conditions are needed to solve this differential equation, two
in the radial direction, and two in the axial direction. In the radial direction, the
boundary conditions are defined at the centerline and the wall of the nozzle. At the
centerline, no flow is allowed in the radial direction, due to symmetry:
atr=O; (20)Two separate cases for the wall boundary condition will be considered in this
analysis. In the first case, the flow in the axial direction is set to zero, thereby
pinning the free surface at the wall. This is essentially the well-known "no-slip"
boundary condition. It will be identified as the axial velocity case:
atr=R; U==O (21a)
The second case of the wall boundary condition is the form typically used in
the literature, where the flow in the radial direction is set to zero. This condition is
usually known as the "impervious wall" boundary condition. This case will be
identified as the radial velocity case:
atr=R;Ur=_!=O (2lb)
or
It is not possible to use both cases of the wall boundary conditions simultaneously
as this would over constrain the problem.
In the axial direction, the boundary conditions are defined at the free surface
and the inlet of the nozzle. At the free surface, a force balance across a differential
surface element of thicknessdxextending into the liquid is performed, resulting in
the following expression:
APdA = p1dAdx (22)
wheredArepresents the surface area of the differential element, and the volume of
the differential element is represented by the product ofdAanddx.According toProbstein (1989), gravitational forces can be neglected in capillary waves if the
wavelength 1, conforms to the following expression:
1 << 2r I
"pg
25
(23)
where ais the surface tension and g is the acceleration due to gravity. The right
hand side of this expression, when evaluated for water, is approximately equal to
17mm. The largest wavelength expected for this geometry is of the order of the
nozzle radius, which for the experimental work performed in this study is 0.7 mm.
Therefore, the requirement of Eq. (23) is satisfied, allowing the gravitational effects
to be neglected.
The pressure difference, AP, can be expressed as the product of the surface
tension, a, and the curvature of i, the free surface.
AP (24)
where ij is a function of radius and time describing the height of the free surface
above the orifice surface. Expanding the Laplacian of the free surface function i,
and using the symmetry assumption results in the following expression for the
pressure difference across the free surface:
(i a( 8i AP=ai---ir
rar ar
(25)
By substituting this pressure difference into the force balance of Eq. (22), using the
definition of the potential function to replace the velocity in the acceleration term
with the surface velocity in the axial direction only, canceling terms andrearranging, the following expression for the force balance across the free surface
results:
26
-'r a5
p r ararJ at
(26)
Taking the partial derivative with respect to time of this equation yields:
aia (r7_=_a2
(27) prararat) at2
The following relationship can be used to relate the surface function i, to the
potential function P, through the axial velocity at the surface U
aq=_!
at ax
(28)
Substituting this into Eq. (27) results in the following final form of the free surface
boundary condition:
a2 a 1a ( a5
= o (29) +---Ir
at2prararax)
Again, from Probstein (1989), the decay depthdd,of the pressure generated
by surface tension is
dd
2,r
(30)
Assuming again that the wavelength of the surface disturbance 1 is of the order of
the radius, 0.7mm for the experimental work performed here, leads to a decay depth
of approximately 0.1mm. This is much greater than the height of the nozzle used in
the experimental work, approximately 0.8mm. Therefore, the radial pressure
fluctuations at the surface do not propagate to the inlet, and the potential can be setto a constant reference value of zero. Thus, the inlet boundary condition canbe
written as:
27
at x=O;Ct=0 (31)
3.2.2Differential Equation Solution
The separation of variables technique will be used to solve the governing
differential equation, Eq. (19), by assuming the potential function is the product of
three independent functions of radius, axial distance, and time respectively,
= P(r)Q(x)T(t) (32)
Although the time function is not required based on the variables in the
governing equation, it is included due to the time dependence of the free surface
boundary condition. Based on the form of this boundary condition, the time
function is assumed to be periodic. The general form of the solution for the
potential function before the boundary conditions are evaluated is:
={AJ0(/3r) + BY(flr)JCsinh(&) + Dcosh( /Jx)][Esin(wt)+ Fcos(wt)] (33)
Using the first radial boundary condition, Eq. (20), the coefficient B is zero.
Evaluating the inlet boundary condition the coefficient D is zero. After combining
the coefficients A and C into the coefficient G, the following form is obtained for
the potential function
=GJ0(flr)sinh(/Jx)[Esin(wt) + Fcos(cot)] (34)
Evaluating the first case for the wall boundary condition, the axial velocity
case results in the following expression:J0(jR)=o (35a)
Evaluating the second wall boundary condition case, the radial velocity case yields:
J(fl,R)=0 (35b)
These two results have different roots for the productJ6IR.The values are shown in
Table 3.1 for each wall boundary condition case. The subscript n has been added to
fltoindicate there are multiple roots for each of Eqs. (35a) and (35b).
Table 3.
Table of Roots to Eq. (35a) and Eq. (35b)
/3R=
Axial Radial
Velocity CaseVelocity Case
Eq. (35a) Eq. (35b)
1 2.4048 0
2 5.5201 3.8317
3 8.6537 7.0156
4 11.7915 10.1735
5 14.9309 13.3237
6 18.0711 16.4706
7 21.2116 19.6159
Substituting Eq. (34) into the free surface boundary condition, Eq. (29), and
using the recurrence relations for the Bessel function, the following expression is
obtained for the modal frequencies, in radians per second:
Ia3
=jflcoth(h) (36)Letting the product /3,R equalsuch that:
fin (37)
results in the following alternate form for Eq. (36):
co cothy
-J
(38) pR)
Figure 3.4 shows a plot of the hyperbolic cotangent as a function of its
argument x. This plot shows that the value of the hyperbolic cotangent is nearly
unity when the argument is greater than two. The minimum value of the argument
for the experimental work performed is about2.4,therefore this term can be
ignored, and the modal frequencies can be expressed as follows:
(O=I:2i2:J3pR
(39)
Using the relationship between the frequency in radians per second and cycles per
second:
(O = 2irf (40)
The resonant frequencies can be expressed in Hz (cycles per second) as:
a(7'
fn
' 3
2pLRJ
(41)
Using Eq. (37), the final form of the potential function can be expressed as:
= GJØ±IJsinhyflJ[Esin(at) + F cos(wt)] (42)5
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The subscript n has been added to each of the coefficients to indicate their values
may be different for each mode. This final expression for the potential function is
identical for both cases of the wall boundary condition. However, the values of
(/3R) and therefore co are different between the two wall boundary condition cases.
3.2.3Surface Shape Prediction
Using the relationship between the surface function and the potential
function given in Eq.(28),and the final form of the velocity potential given in Eq.
(42),the surface height above the orifice exit plane, i, can be expressed as:
GJ3 'Jcosh71J(E cos(wt) + F sin(ot)) (45)31
After combining the constant terms into one constant,H,1, and expressing the
periodic function as a phase shift from the original periodic function, the surface
function can be expressed as:
q = HJ0y[Esinw,t + +coswt + (46)
This is the form of the surface function used to predict the surface modal shapes.
Notice that this function is simply the Bessel function multiplied by a constant and
a periodic function. The time value when the periodic function is maximum is
represented by t, and the surface shape at this time is designated as the peak
positive shape. If the surface function is normalized by the product of the periodic
function evaluated attandH,the following is obtained for the normalized
surface function, 17*:
(0 t + I + F cos
17*
sin
2) +
(47)
wt +I+Fcoswt +iI
-
[Eflsin
"2)
' PP2))
Evaluating this expression att,results in the following for the peak positive
shape:
/7* (48)
where r/R is the normalized radius.
The determination of the off axis, or annular, peak locations, in terms of the
normalized radius, is a straightforward process. It consists of taking the derivative
of the peak positive surface shape, Eq. (48), relative to the radius and setting it32
equal to zero. The radial positions, which satisfy this expression, are then obtained.
These positions are the locations of both the local maximums and minimums. The
curvature of the original surface shape at these points is determined to evaluate
whether the point is a local maximum or minimum. A list of the annular peak
locations for both wall velocity cases in terms of normalized radius is included in
Table 3.2.
Table 3.2
Annular Peak Locations for Both Wall Boundary Conditions
in Terms of Normalized Radius
Mode Annular Peak Locations in Terms of
Number Normalize Radius (r/R)
(n) Axial Velocity Case Radial Velocity Case
2
3 0.8107 1.0000
4 0.5950 0.6896
5 0.4699 0.8924 0.5266 1.0000
6 0.3882 0.7373 0.4259 0.8089
The expression for the peak positive surface shape given in Eq. (48) is valid
for both forms of the wall boundary condition. Figure 3.5 shows plots of iversus
normalized radius for several mode numbers n, and for both the wall boundary
condition cases. The top surface of the orifice is represented by the zero value on
the abscissa.
These plots show that the peak positive surface shapes have a peak at the
centerline of the nozzle. The diameter of this peak decreases with frequency.33
Depending on frequency, or mode number, there are one or more annular peaks.
Theseannular peaks move toward the centerline as the frequency increases.
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Figure 3.5
Plot of i* for Mode Numbers 2 through 5 for Both Wall Boundary Conditions
In comparing the two wall boundary condition cases, it is noticed that with
the axial velocity case, the free surface height is zero at the wall (rIR= 1) for all
mode numbers. The radial velocity case shows that for odd mode numbers the free
surface is above the orifice surface at the wall. Although this is theoretically34
possible for an inviscid fluid, it does not make physical sense. The even mode
numbers show the fluid surface below the orifice surface. This situation is
physically more acceptable. However, neither the even nor the odd modes of the
radial velocity case provide for wetting effects at the wall. The axial velocity case
accounts for wetting effects.
Also important to notice is that as the mode number increases, the
difference between the predicted surface shapes near the centerline for the two wall
boundary condition cases becomes small. In addition, as the mode number
increases, the inner annular peak changes less from mode to mode. This all points
to an effect similar to that shown in the oscillating pipe flow analysisperformed
earlier, that above a particular frequency, the wall effects do not propagate inward
quickly enough to influence the surface shape.35
4.EXPERIMENTAL STUDY
4.1TEST SET-UP
The test set-up was designed to achieve high quality time dependent surface
images. The primary equipment consisted of a laser, a test device, and a digital
camera. The laser is used to illuminate the fluid, the test device is used to generate
the surface instabilities, and the camera is used to capture the images of the surface.
Figure 4.1 shows the basic schematic of the experimental set-up. The test set-up
can be divided into four major sections; Driving, shown in blue; Illumination, show
in green; Recording, shown in red; and Timing, shown in yellow. A photograph of
the experimental set-up is shown in Figure 4.2.
4.1.1Timing
The timing between the actuation of the test device, beginning of the
camera exposure and the laser pulse had to be carefully controlled so the point in
time at which the image was captured within the driving waveform was precisely
known. This was accomplished with a delay generator. Two timing schemes were
used, A and B. Scheme A was used when the test device needed to be actuated
prior to the camera exposure. When the driving waveform frequency was high, or
the wave to be imaged was early in the sequence of waves, negative time delays
were calculated in scheme A. To avoid these negative time delays, Scheme B was
developed. Scheme B actuated the test device after the camera exposure began.36
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Timing Scheme A; a) Timing Schematic, b) Wiring Diagram
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Figure 4.4
Timing Scheme B; a) Timing Schematic, b) Wiring DiagramThe timing schedules and wiring diagrams for schemes A and B are shown in
Figure 4.3 and Figure 4.4 respectively.
In timing scheme A, the waveform generator is triggered first, from channel
A of the delay generator. Then after a time delay of D2, the camera exposure
begins. The exposure time is set in the camera control to be three times the period
of the driving signal. The laser flashlamp is triggered near the mid-point of the
camera exposure, followed by the Q-switch, which triggers the lightpulse, 180 ts
later. The selection of 180 ts for the Q-switch time delay, D4, is so the Q-switch
actuation occurs at the peak flash lamp intensity. The time delay Dl can be used to
shift the entire timing scheme, but for this work it has been set to zero. The total
time delay, T, is calculated as the time from the onset of the driving signal until
image capture as follows:
T=D2+D3+D4 (49)
As stated earlier, timing scheme B triggers the camera exposure first. The
waveform generator follows, after a time delay of D2. The exposure time, flash
lamp and Q-switch timing are all handled in the same way as in timing scheme A.
The total time delay is also calculated from Eq. (49).
4.1.2Driving
The driving portion of the experimental set-up is made up of the arbitrary
waveform generator, amplifier, and test device. The arbitrary waveform generator
(AWG) has several operating modes. The mode used during this work was the39
burst mode. In this mode, the AWG will output a preset number of repetitions of a
specified waveform. The waveform used for this experimental work was a sine
wave. The AWG was set-up to output 11 repetitions, with the
10threpetition being
imaged. Output from the AWG begins 50 ns after receiving a trigger signal. This
time delay is small compared to total time delay in the timing schemes for the
frequencies used in the experiment, so it was neglected in the total delay time. The
amplitude of the output signal of the AWG can be varied from 0 Vpk to 5 Vpk.
The output of the AWG was passed to a constant gain amplifier. The
amplitude of the output of the amplifier was controlled by varying the amplitude of
the input signal from the AWG. The output signal of the amplifier was passed on
to the test device. The amplifier consisted of two Apex Micro Tech PA84
Operational Amplifiers set to a constant gain of 90, and two Polytron Devices
150V Power Supplies (Model P35-150S 997). When unloaded, the amplifier was
capable of delivering a 300Vpp sine wave signal up to a frequency of 300 kHz
without significant distortion. However, loaded by the test device, the amplifier
was only capable of delivering a 300 Vpp signal up to 5 kHz withoutsignificant
distortion. To prevent distortion, the amplitude of the signal from the AWG was
reduced above a frequency of 5 kHz.
The test device, shown schematically in Figure 4.5, is made up of a nozzle,
two reservoirs separated by a diaphragm, and an actuator stack to drive the
diaphragm. The detail drawings for the components of the test device are contained
in Appendix A.The nozzle plate is interchangeable, allowing different sized orifices to be
installed and tested. This interchangeability was achieved by clamping the nozzle
plate to the body by a top cap. Sealing between the nozzle assembly and the body
was achieved with an 0-ring. The nozzle plate is made of a 787 tm thick stainless
steel sheet. The orifice is constructed by drilling a straight hole in the center of the
plate. Three different nozzle plate configurations were used during the
experiments. The orifice size for each nozzle plate is shown in Table 4. 1.
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Table 4.1
Nozzle Orifice Radii
Nozzle Plate Orifice Radius
Designation (jtm)
A 590
B 702
C 397
The top cap was designed to prevent deflection of the nozzle plate during
energizing of the actuator stack. A sketch of the nozzle assembly is shown in
Figure 4.6. As can be seen in this figure, the top cap covers the majority of the
nozzle plate. Only a narrow slit is left uncovered, allowing viewing of the orifice
surface by the camera. The top cap was cemented to the nozzle plate to prevent
movement of the nozzle plate during both the expansion and retraction phase of the
actuator stack.
Nozzle Plate
Nozzle
Figure 4.6
Sketch of Nozzle Assembly
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The upper pressure reservoir is formed by the nozzle plate, inner wall of the
test device body, and the diaphragm. This reservoir is compressed and expanded
when the actuator stack is energized, and provides the forcing function at the inlet
of the orifice. The volume of the pressure reservoir was kept to a minimum, to
provide a minimum compressible volume into which actuator energy could be lost.
The refill reservoir is formed between the diaphragm, the inner wall of the
test device body, and the base. This reservoir is supplied by the refill port, which
was connected to a large diameter beaker by flexible tubing. Due to the large
diameter of the beaker, the fluid level remains constant even if a small volume of
fluid is lost through the nozzle orifice. The level of the fluid in the reservoir was
maintained at a height of 6 mm above the top surface of the nozzle plate. This
maintained the refill reservoir at a constant pressure. Another effect of the pressure
head is that the resting meniscus surface was not level with the top surface of the
nozzle, but protruded above the nozzle surface. Therefore, upon driving the
actuator stack, the resulting surface shapes will be a superposition of the instability
surface shape and the static surface shape due to the pressure head.
The diaphragm is a 127 tm thick stainless steel sheet, fixed in place
between the actuator stack, and top plate by four screws. The diaphragm had six
holes around the periphery to allow refill of the pressure reservoir. Five
diaphragms were made, each with different nominal hole sizes. Some of the holes
in the diaphragms could be sealed. Therefore, the backflow past the diaphragm
during expansion of the actuator stack could be controlled by varying the number43
and size of the holes in the diaphragm. The available diaphragms and their average
hole sizes are shown in Table 4.2. Through experimentation, it was determined
that diaphragm number three with one open hole gave the best surface response for
the orifice sizes tested.
Table 4.2
Diaphragm Hole Sizes
Diaphragm
Number
Average Hole Size
(pm)
1 16.8
2 35.8
3 59.2
4 29.5
5 21.8
The actuator stack was made up of a stainless steel spacer, a piezoelectric
disk, and two insulator-disks. All the materials in the actuator stack except the
piezoelectric disk were selected for their stiffness, so the actuation energy would be
transferred to the pressure reservoir, not to compressing the actuator stack.
The actuator stack was assembled by first soldering electrical leads to the
piezoelectric crystal. The top insulator, piezoelectric crystal, bottom insulator, and
spacer were then cemented together using a cyanoacrylate adhesive. The
piezoelectric crystal was sealed within the actuator stack using a Derlin washer and
silicone caulk. The Derlin washer was used only as spacers to minimize the gap
the silicone caulk was required to seal across, and thereby prevent leakage over44
time. This was a concern as the working fluid was conductive, and if it leaked into
the actuator stack, it would cause a short circuit across the piezoelectric crystal
preventing motion of the stack. The actuator stack was then centered within the
refill reservoir and cemented to the base. The wires from the piezoelectric crystal
were routed through a channel between the body and base and potted in place again
using the silicone caulk.
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Detail Schematic of Actuator Stack and Diaphragm
4.1.3Illumination
Illumination was provided by a spectra physics PIV-400 laser. This is a
Nd:YAG frequency-doubled, pulsed-laser equipped with dual laser heads. The
output wavelength of the light from the laser is 532 nm. The flash lamps of each
head operated at a frequency of 15Hz; this controlled the repetition rate of the lightpulses. The duration of each light-pulse was 5 ns. This allowed any motion in the
imaging field to be frozen.
The working fluid was a solution of rhodamine 6G chloride in water.
Rhodamine 6G chloride is a fluorescent dye, which when excited by a light
wavelength of 532 nm, re-emits light at a wavelength of 551 nm. A1.0x103molar
solution was used for the experiments. The concentration of the rhodamine 6G
chloride in the water was very small, so any effect on the density and surface
tension was neglected.
4.1.4Recording
The image recording equipment includes a cooled CCD camera and
controller, a long distance microscope lens, an optical band pass filter, and a
computer. The camera was a MicroMAX from Princeton Instruments. It has a
1030 x 1300 pixel imaging array, and is capable of recording low light intensity
images with a minimum of background noise. The long distance microscope lens
used was an Infinity KV lens with a CFV-4 objective. This provided a
magnification factor of approximately eight, and a field of view of roughly 1mm x
1mm. The band pass filter was attached to the front of the lens, and was used to
filter out the laser light wavelength thus preventing distortion of the surface image
due to reflections. The band pass filter had a wavelength transmittance range from
545 nm to 555 nm. The computer was used to store the digital images obtained
from the camera.The oscilloscope was used to verify the frequency and measure the
amplitude of the driving signal input to the piezoelectric crystal. It was also useful
during experiment set-up to verify timing sequences, and delays.
4.2TEST CONDITIONS
The general test plan was to document the surface mode shapes for several
analytically predicted modal frequencies for each wall boundary condition case on
at least two of the three nozzle diameters. The detail plan for each of the nozzles
was different. The data collection frequencies for each nozzle are shown in Table
4.3.
Using Nozzle A, the590tm radius orifice, images were taken for the radial
velocity frequencies associated with modes 2 through 6. Images were taken at
three frequencies for each mode. These frequencies were separated by 5%, based
on the middle frequency value. This range in frequencies was to allow an
examination of the amount of change in surface shape with frequency. Data were
also collected for mode numbers 2 through5of the axial velocity case. However,
data were only recorded at a single frequency for each of these mode numbers.
Using Nozzle B, the 702 tm radius orifice, data were recorded only for the
radial velocity case. The images were collected at a single frequency for each
mode number, 2 through 6.
Data were collected for both the radial and axial velocity cases using Nozzle
C. For the radial velocity case, data were collected for modes 2 through 6. The
data were collected at a single frequency for mode numbers 2 and 6, and at two47
frequencies for mode numbers 3 through 5. For the axial velocity case, data were
collected at a single frequency for each mode number 3 through 5.
Table 4.3
Data Collection Frequencies versus Mode Number for Nozzles A, B and C
Data Collection Frequency (Hz)
Mode
Nozzle A Nozzle B Nozzle C
Number R=590prn R=702p.m R=397jtm
(n) Radial Axial Radial Axial Radial Axial
VelocityVelocityVelocityVelocityVelocityVelocity
Case Case Case Case Case Case
650
2 685 1,200 530 1,240
720
1,635 3,115
3 1,720 2,400 1,325 4,375
1,805
3,193
2,835 5,405
4 2,985 3,700 2,300 6,985
3,078 5,576
4,250 8,105
5 4,475 5,300 3,445 9,914
4,700
8,357
5,840
6 6,150 4,735 11,135
6,460
For each nozzle and frequency combination, data were taken at a minimum
of two driving amplitudes. However, images were taken at up to five driving
amplitudes. This variation in driving amplitude can be used to determine how thesurface amplitude responds with driving amplitude, but this analysis is not part of
the scope of this work. Twenty images, evenly spaced in time, were taken of the
tenth waveform repetition at each test frequency. A sample set of collected data is
shown in Appendix B, this sample set of data is for Nozzle C. A complete set of
data for all nozzles is available upon request.
A frequency sweep was also performed using Nozzle C. This sweep began
at 3000 Hz, and images of the peak positive surface shape were captured in
intervals of 100 Hz through the end of the sweep at 7000 Hz. This sweep was
performed with constant driving signal amplitude from the AWG of 0.80 Vpk. The
purpose of this sweep was to determine how the surface shape changed across a
range of several modal frequencies.
4.3DATA ANALYSIS
The unprocessed images were recorded as 8-bit gray scale tagged image file
format (TIFF) data files. Each of these image files were 1300 pixels wide by 1030
pixels high. The light intensity was recorded at each pixel location as a discrete
value between zero, representing black, and one, representing white. Since the
images are 8-bit, there are28,or 256, discrete levels of intensity that can be
recorded. Each image can be treated as a 2-dimensional matrix of intensity values,
with the matrix row and column indices representing the vertical and horizontal
pixel locations respectively. Because of this matrix representation, MATLAB's
capabilities in manipulating matrices are well suited for processing and analyzing
these images.The data images were processed to obtain specifics about the surface shape,
such as peak locations and surface profiles. The following sections describe the
steps taken in processing the images, and the level of uncertainty in the results.
4.3.1Initial Image Processing and Edge Detection
The purposes of the initial image processing are: to reduce the size of each
image to one that is manageable for processing many images on a personal
computer; to improve the demarcation between the background and the fluid
surface; to normalize the overall brightness between images; and to reduce the
noise in the intensity values. This initial image processing consists of three steps,
cropping, threshold re-contrasting, and filtering.
The purpose of the edge detection is to obtain a set of ordered pair pixel
coordinates defining the free surface of the fluid. This data set can then either be
plotted or further manipulated so comparisons to predictions or between images can
be performed. The edge detection process consists of two steps, binarizing of the
image, and surface profiling.
Figure 4.8 follows a sample image as it is processed through the initial
image processing, outlined in a blue dashed line, and the edge detection process
outlined in a green dashed line. The figure also highlights the points in these
processes where data are stored to the disk. Figure 4.9 shows the intensity values
for three columns of pixels of the sample image as it is processed through the initial
image processing and edge detection steps. The four profiles on each graph are: in
black, after the cropping step in the initial image processing; in blue, after theIII]
threshold rescaling; in red, after the filtering operation; and in green, after the
conversion to black and white.
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4.3.1.] Initial Image Processing
In the unprocessed images, the surface image only occupies a small portion
of the total image area; the rest of the image is of no interest, since it contains no
useful data. The first step in the initial image processing was to crop the image and
remove the portion of the image of no interest. This decreased the processing time
required for the subsequent steps by reducing the number of pixels in the image.
The cropped size was determined by manual inspection of a sequence of images.
The cropped image size was set such that the maximum meniscus height was well
below the top of the image frame for the entire sequence of images. The width of
the cropped image was left at the original image width.
The second step in the initial image processing was to threshold and rescale
the image intensity. This addressed two problems, inconsistency in overall
brightness between images, and the background noise interfering with the
demarcation between the fluid surface and the background. In this step, the
intensity values of the image between a threshold level and the maximum intensity
are rescaled linearly to values between zero, and one. The intensity values below
the threshold value are reset to zero. The threshold level was set, for this work, to a
value just above the maximum intensity level in the background noise. From
inspection of several images, this value was determined to be 15/256, or 0.0586.
The result of this step is a purely black background against which the gray surface
is viewed; this can be seen in Figure 4.9.53
The final step in the initial image processing was to smooth the noise in the
intensity values. Since the image has already been thresholded and rescaled, the
background noise has already been smoothed to a constant intensity value of zero,
so the only area that requires smoothing is the image of the fluid surface. The
method used is the "Wiener2" filter built into MATLAB. This averaging filter
calculates the mean intensity and variance of a neighborhood of pixels, and then
reassigns an intensity value based on these values. The neighborhood size used for
the filtering of the test images was three by three pixels. This filtering operation
was applied 9 times to each image. Although the only image area requiring
smoothing is the surface image, the filter was applied to the entire image area. This
leads to a diffusion of intensity away from the edge of the surface image. This can
be seen in the red line in Figure 4.9, which is the intensity profile after filtering, it
shows this diffusion by flaring out at the bottom. The gray scale image obtained
from this step was saved to the disk in the TIFF format.
4.3.1.2 Edge Detection
The first step in the edge detection process was to convert the gray scale
image obtained from the initial image processing to a black and white image, or
binarizing the image. This was done using the MATLAB function, "im2bw.m."
This function converts a gray scale image to a black and white image using an
intensity threshold. All the intensities the threshold value and above are reset to
one. The intensities below the threshold are reset to zero. The threshold level used54
in this step was 15/256, or 0.0586. This black and white image was also saved on a
disk in TIFF format.
The second, and final, step in the edge detection was to collect the ordered
pairs of coordinates defining the surface shape. This was done by scanning down
the pixel columns of the black and white image and capturing the pixel location
where the intensity changes from black to white. These horizontal and vertical
pixel locations were then stored in a matrix format. The vertical pixel values were
resealed such that the vertical position of the edge of the orifice was zero. The
horizontal pixel values were renormalized to values between minus one and one.
This final form of the matrix was saved to the disk in MATLAB's binary file
format.
4.3.2Predicted Peak Location Comparison
As part of the analysis to determine weather the surface shape is a Bessel
function or not, and which wall boundary condition predicts the surface shape best,
it is important to compare the actual peak locations against the predicted peak
locations. This was done using the gray scale images obtained from the initial
image processing. The first step in the process of comparing the predicted peak
locations to the actual peak locations was to determine the location of the orifice
edges. From this information, the radius, and centerline of the orifice can be
determined.
The second step was to determine the location of the annular peaks in
pixels. Since it is easy to interpret these images by direct observation to determine55
the locations of the annular peaks, and it is difficult to write a set of instructions for
a computer to perform the same task, the first option was employed, and the
computer was used to capture and record the data. The MATLAB function
"impixel.m" was used to capture the pixel locations of the orifice edges and peak
locations. The function "impixel.m" allows the user to select pixel locations from
an image with a cross hair pointer controlled by a pointing device such as a mouse.
The function then outputs the horizontal and vertical location of the point selected
in pixels, as well as the color or intensity value of that pixel. The only information
used from this output was the horizontal pixel locations. Given the predicted
locations of the peaks, provided in Table 3.2, the orifice radius, and centerline a
comparison of the predicted peak locations and actual peak locations can be
performed, either graphically, or numerically.
4.3.3Central Peak Shape
Another indicator of the validity of the predicted surface shape is how well
the central peak shape matches the predicted shape. This comparison is performed
using surface profile information generated in a manner similar to the edge
detection process described previously. This process again starts with the gray
scale image output from the initial image processing. The image was then re-
cropped, to improve processing time, and to focus in on the central peak area of the
image. The information on the orifice edges relative to the ends of the cropped
image was retained, this was important so the predicted surface shape could be
scaled properly.56
The cropped image was then binarized. The threshold level for this
binarizing was set to a higher level than in the edge detection process described
earlier. The reason for this higher threshold level was to follow the central peak
edge past the top of the innermost annular peak as it passes behind the central peak.
The intensity of the central peak is generally larger than the annular peak so a
threshold level of about 80/256 worked well to capture more of the central peak
profile.
The set of ordered pairs defining the surface profile was then obtained from
the binarized image. This was done exactly as before, except the rescaling of the
vertical and horizontal pixel locations was performed based on the retained orifice
edge information.
Because the imaged surface shape is a superposition of two surface shapes,
the static surface shape, and the instability shape, and because the comparison
shape is only the predicted instability shape, the static surface shape must be
subtracted from the imaged surface shape. This was done by capturing images of
the static surface shape, performing the initial image processing, and edge detection
process to obtain sets of ordered pairs defining these surfaces. These sets of
ordered pairs were then curve fit with second order polynomials, and the
polynomials were averaged to obtain a single representative polynomial for the
static surface shape. This polynomial was then subtracted from the superposition
surface to obtain the instability surface shape. This surface shape can now be
compared with the predicted instability shape.57
4.4UNCERTAINTY
There are several steps in the image processing where uncertainty is
introduced into the results. The specific causes of the uncertainties, their
magnitude, impact on the surface shape are discussed first, then the same items are
discussed for the orifice edge and peak location data.
For the surface shape processing uncertainties are introduced in several
places: the basic image capture; the initial image processing, primarily from the
conversion to a black and white image; and the subtraction of the static surface
shape from the imaged surface shape. The uncertainty introduced simply due to
capturing the image is a function of the camera precision, and is obtained from the
camera specification as ±2 pixels.
The initial processing introduces uncertainty due to the threshold re-scaling,
the filtering operation, and the threshold conversion to a black and white image.
Figure 4.10 shows a re-plot of the information in Figure 4.9, this time though it is
zoomed in on the area near the top edge of the fluid surface. The purpose of this is
to highlight the effect these processes have on the uncertainty in the edgelocation.
The impact of the threshold re-scaling is small, about ±2-3 pixels as can be
seen from the difference between the blackand blue curves in Figure 4.10. The
filtering operation has the effect of diffusing the intensity near the fluid surface
edge. It can be seen in Figure 4.10, from the difference between the blue and red
curves, that the diffusion zone is about 5 pixels wide.The conversion to a black
and white image introduces an uncertainty by specifying the exact location of thea) Pixel Intensity Profile of Sample Image at Horizontal Pixel 500
110 111 112 113 114 115 116 117 118 119 120
Vertical Pixel Number
b) Pixel Intensity Profile of Sample Image at Horizontal Pixel 650
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Figure 4.10
Detail View of Intensity Profiles of Pixel Columns in Sample Image
for Horizontal Pixel Numbers a) 500, b) 650, and c) 80059
fluid edge. This uncertainty is a function of the width of the ramp in intensity from
the background level to the gray scale image intensity. The width of this ramp is
relatively constant for all the images at about 15-20 pixels. What this means is that
the actual fluid edge is anywhere in this range. Therefore, the uncertainty due to
binarizing the image is assigned ±10 pixels.
It should be noted; the purpose of this work was not to obtain specific
information on the height of the free surface, only the shape is of concern. In
looking at the shape, what is important is the relative vertical position of surface
from one pixel to the next, or the general trend of these relative positions across
many pixels. The uncertainties discussed so far are constant across theentire image
area, and effect the vertical position of the surface consistently at eachpixel
location. These bias uncertainties therefore have no effect on the surface shape.
The next cause of uncertainty does have a varying effect from one pixel
location to the next. The cause of this uncertainty is the subtraction of the static
surface shape. As outlined earlier, static surface shape subtracted is an average
shape for several images of the static surface. Figure 4.11 shows the parabolic
curve fits for the actual static surface shapes captured on Nozzles A and C as black
lines, and the average surface shape calculated, in blue. The figure also shows the
standard deviation of the data in red.
The standard deviation curves indicate the level of uncertainty in the
average surface shape as a function of the radial position. The uncertainty is higher
near the center of the nozzle than at the edges where the fluid stays attached to therc
nozzle lip. This causes the shapes of these parabolas to be different, and therefore
when subtracted from the imaged surface profile, they change the shape of the
surface differently. This uncertainty is shown on the surface profile comparison
figures, in chapter 5, by subtracting all three curves, the average static surface, and
the two static deviation surfaces, from the surface profile generated for the central
peak shape examination.
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Figure 4. 11
Actual Static Surface Shapes, Average Static Surface Shape,
and Standard Deviation for a) Nozzle A, and b) Nozzle C.
The determination of the uncertainties in the locations of the orifice edges
and peak locations is more straightforward. The uncertainty in the location of the
orifice edges is impacted primarily by the same factors that impact the uncertainty
in the location of the surface edge, and therefore has been set to ±10 pixels. The
determination of the uncertainty in the peak locations was performed by manual61
inspection of the surface images. The average from this inspection for all the
nozzles results in an uncertainty in the peak locations of ±25 pixels. For the
smallest nozzle, Nozzle C, this uncertainty can be expressed as ±6.67% of the
radius. This is assumed to be a very acceptable uncertainty level.5.RESULTS
5.1SURFACE SHAPE
Two methods were used to analyze the surface shapes formed during the
oscillatory forcing of the nozzle. The first was to examine the peak locations in the
gray scale images, and compare their location with the predicted locations forthat
nozzle and frequency. The other was to use a surface profile generated by the edge
detection methods described in the Experimental Set-up. Figure 5.1 shows an
example of the gray scale image and surface profile. The upper figure is the gray
scale image, and the lower figure is the surface profile obtained from this gray scale
image using the edge detection method described earlier.
The red arc in the gray scale image shows the location of the edge of the
orifice. The portion of the image below this red line is a reflection off the nozzle
plate. The reflection is a result of the shallow viewing angle of the camera, and the
polished and waxed nozzle surface. Also, highlighted in the image and the surface
profile are the locations of the Central peak, and both annular peaks. Each annular
peak has been indicated on the left and right side of the centerline. Both locations
for each peak will be used for comparison with the predicted locations. This has
been done because the calculated centerline, based on right and left edges, and the
center of the central peak do not always align. Another feature, which is a result of
the viewing angle, is that the annular rings can be seen almost in their entirety, only63
the rearward portion is only hidden when obscured by a taller feature closer to the
centerline.
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a) Typical Gray Scale Image and b) Corresponding Surface Profile
The non-alignment phenomenon can be seen in the surface profile of Figure
5.1. Zero on the ordinate represents the centerline of the nozzle as calculated from
the left and right edges of the nozzle. The center of the central peak is offset
slightly to the left of the centerline. Zero on the Abscissa represents the top surface
of the orifice. The other items of interest on the surface profile are the false peaks.
These false peaks are highlighted by the green ovals. They are due to the rearward
portion of the annular peaks; because of the viewing angle of the camera, therearward portion of the annular peak appears higher in the image than the forward
portion of the peak. The actual peak locations in the surface profile and the peaks
in the gray scale image are indicated with the blue arrows.
The frequencies at which data were collected do not exactly match the
predicted frequencies in most cases, as can be seen from Table 5.1. It can also be
seen that except for five frequencies on Nozzle A, the percent difference between
the predicted frequency and the actual frequency is less than 4%. None of
differences for these five frequencies exceeds 9%. It should also be noted that the
predicted frequencies for the radial velocity case for nozzle A are bracketed by the
actual data collection frequencies. This bracketing allows an examination of how
much the surface profile changes over each frequency range.
Figure 5.2 shows the peak positive surface profile for the bracketing
frequencies of the radial velocity case on Nozzle A for both high and low input
amplitudes. These plots show some variability from frequency to frequency within
each mode number, from mode to mode, and between input amplitudes. The
variability is not consistent from low to high frequency within a mode from mode
to mode or from high to low input amplitude for the same mode number. If the
variation were frequency dependent, it would be expected that the peak locations
within a mode would move toward the centerline as the frequency increased. The
peak locations within a mode do not change significantly, nor do they consistently
change with frequency. In other words there is no consistent pattern between
frequencies within one mode, between modes, or between amplitude input.Table 5.1
Comparison of Data Collection Frequencies to Predicted Frequencies
a) Nozzle A
Radial Velocity Case Axial Velocity Case
ModePredicted
Data Data Predicted
NumberFrequency
Collection% Collection% Frequency
(n) Frequency Difference Frequency Difference
(Hz)
(Hz)
(Hz) (Hz)
650 -8.63%
2 711 685 -3.71% 1230 1200 -2.45%
720 1.21%
1635 -7.24%
3 1763 1720 -2.41% 2415 2400 -0.60%
1805 2.41%
2835 -7.89%
4 3078 2985 -3.02% 3841 3700 -3.66%
3135 1.86%
4250 -7.87%
5 4613 4475 -2.99% 5472 5300 -3.15%
4700 1.89%
5840 -7.89%
6 6340 6150 -3.00%
6460 1.89%b) Nozzle B
Radial Velocity Case
ModePredicted
Data
NumberFrequency
Collection%
(n) (Hz)Frequency Difference
(Hz)
2 548 530 -3.31%
3 1358 1325 -2.43%
4 2371 2300 -3.01%
5 3554 3445 -3.07%
6 4885 4735 -3.07%
c) Nozzle C
Radial Velocity Case Axial Velocity Case
ModePredicted Data Predicted
Data
NumberFrequency
Collection% Collection%
Frequency
(n) (Hz)
Frequency Difference(Hz)
Frequency Difference
(Hz) (Hz)
2 1289 1240 -3.79%
3115 -2.45%
3 3193 4375 4375 0.01%
3193 0.01%
4 5576
5405 -3.07% 6958 6985 0.39%
5576 0.00%
8105
5 8357 9914. 9914 0.00%
8357 0.00%
6 11487 11135 -3.06%Mode Number 2oIII
Mode Number 3
Mode Number4
Mode Number 5
Non-Dimensional Radius
Mode Number 2
Mode Number 3
Mode Number 4
Mode Number 5
Non-Dimensional Radius
a) High Input Amplitude b) Low Input Amplitude
Low Freq. Middle Freq. High Freq.
Figure 5.2
Comparison of Surface proffles around Predicted Frequencies for Radial Velocity
Case with a) High Input Amplitude, and b) Low Input Amplitude
Therefore, the following conclusion can be drawn from this figure. The free
surface shape does not change significantly within the frequency range of ±5%.
Because of this, the frequencies that the modal data were collected at in this work
will not impact comparison between the actual predicted values for the surface
shapes or peak locations. The variation of the surface profiles is attributed to
experimental variability, and more specifically to the variation in the initial static
surface shape between tests.5.1 .1Frequency Sweep Images
Several points can be made in analyzing the data collected from the
frequency sweep performed on Nozzle C. The sweep was performed at a constant
input amplitude of 0.8 Vpp. Figure 5.3 shows a portion of the images gathered
from this sweep, images were taken every 100 Hz throughout the sweep, only every
fourth image is shown in the figure. First, notice that the annular peak locations are
gradually moving toward the centerline of the nozzle as the frequency increases,
and there is no sudden change of shape from one mode to the next. Second, notice
that shape is as expected from a Bessel function, a central peak surrounded by one
or more annular peaks, with the central peak being the higher than the annular
peaks, and the annular peaks decreasing in height as they move away from the
centerline.
The last item to note in these images is that the amplitude of the surface
changes with frequency. The amplitude increases with frequency up to about 5,800
Hz, and then begins to fall as the frequency is further increased. From Holman
(1984), the resonance frequencyofthe pressure reservoir can be calculated as
follows:
irc
2ir R \I4Lh
(50)
where r is the radius of the orifice, c is the acoustic velocity of the fluid, L is the
depth of the orifice, R is the radius of the pressure reservoir, and h is the height of
the pressure reservoir. Given the uncertainties in the dimensions of the pressurereservoir, the resonance frequency is calculated to be between 5000 and 7000 Hz.
Therefore, the amplitude response is due to a resonance mode of the pressure
reservoir.
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Figure 5.3
Nozzle C Frequency Sweep Images; Every
4thImage Shown
The phase angle between the free surface and the driving signal oscillation
was found to increase with the frequency of the driving signal. This phenomenon
was not documented accurately during the collection of the sweep data, but the
trend was noticeable by comparing the timing of the peak positive image to a set of70
standard timings calculated for the sweep procedure. From classic controls theory,
this constantly increasing phase angle is characteristic of a time delay in the
system. The time delay in this system is most likely caused by the time associated
with accelerating the fluid in the pressure reservoir and nozzle.
5.1.2Radial Velocity Case Frequencies vs. Radial Velocity Case Peak locations
Figure 5.4 and Figure 5.5 show images for the peak positive surface shapes
at the modal frequencies for mode numbers 3 through 6 for the radial velocity case
on Nozzles A and C respectively. The central and annular peaks are clearly visible
in these images. Only for mode 6 are the annular peaks beginning to become less
defined, though they are still distinguishable. In the images of the predicted modal
frequencies for modes 3 and 4, a central peak is shown surrounded by a single
annular peak. And in the images of the predicted modal frequencies for modes 5
and 6, again a central peak is shown surrounded this time by two annular peaks.
This is exactly what is predicted by the Bessel function.
In these figures, the white vertical lines indicate the predicted peak
locations, from Table 3.2, and gray vertical lines indicate the observed peak
locations. In the odd mode numbers for this boundary condition case an annular
peak is predicted at the orifice wall. Because of this, the fluid should be above the
orifice surface at the wall, but as can be seen in these figures, the fluid is at the
same level as the orifice surface at this point. In the even mode numbers, the fluid
should be below the orifice surface at the wall, again the fluid does not do this, but
remains flush with the orifice surface. Both of these effects are attributed to50
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Radial Velocity Case Surface Images for Nozzle A; Low Amplitude;
Mode Numbers 3 through 650
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Figure 5.5
Radial Velocity Case Surface Images for Nozzle C; High Amplitude;
Mode Numbers 3 through 6I-)
surface tension and wetting effects at the corner between the orifice surface and
wall that are not accounted for in the theory.
The match up between the actual peak locations and the predicted peak
locations is poor for all modes. The match-up does improve as the peaks move
toward the centerline. This is to be expected since the position of the peaks change
less with frequency the nearer they are to the centerline. Also notice that the actual
peak locations are always to the inside of the predicted peak locations.
Numerical data of the difference between the actual and predicted peak
radial locations normalized by the orifice radius is presented in
Table5.2.The same trends can be seen in the numerical data as is pointed
out in the figures. The following formula was used to calculate the difference
shown in this, and the following, tables.
Difference =
Actual Peak LocationPredicted Peak Location
Orifice Radius
(51)
In comparing the surface shapes from Nozzle A to those of Nozzle C, it can
be seen that they are very similar. The peaks for Nozzle C though, are better
defined. This is attributed to the fact that Nozzle C was observed to be rounder
than Nozzles A and B, and the surface roughness of the inside wall of the orifice
was less for Nozzle C.74
Table 5.2
Normalized Difference between Actual and Predicted Peak Locations
for the Radial Velocity Case
a) Numerical values for Figure 5.4
Mode Peak 1 Peak2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.320 -0.338
4 -0.159 -0.161
5 -0.095 -0.115 -0.222 -0.256
6 -0.123 -0.145 -0.247 -0.256
a) Numerical values for Figure 5.5
Mode Peak I Peak 2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.288 -0.255
4 -0.144 -0.171 - -
5 -0.137 -0.090 -0.245 -0.248
6 -0.125 -0.099 -0.176 -0.168
5.1.3Axial Velocity Case Frequencies vs. Axial Velocity Case Peak locations
The surface shapes were examined to determine the modal peak locations
for the modal frequencies associated with the axial velocity case of nozzles A and
C, and these are shown in Figure 5.6 and Figure 5.7 respectively. The difference75
between the observed and predicted peak locations for these conditions are shown
in Table5.3.
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Figure5.6
Axial Velocity Case Surface Images for Nozzle A; High Amplitude;
Mode Numbers3through550
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Figure5.7
Axial Velocity Case Surface Images for Nozzle C; Low Amplitude;
Mode Numbers 3 through5
The agreement between the observed and predicted peak locations is
slightly better than the radial velocity case. This is attributed to the position of the
outermost annular peak being closer to the centerline than the corresponding peak
location in the radial velocity case. Again, the agreement gets better as the peaks
move toward the centerline as the driving frequency increases. Once again, the
observed peak locations are always inside the predicted peak locations. Since these77
peak locations are always inside of the predictions, and the peak locations move
inward with frequency, this indicates that the actual resonant frequencies are lower
than the predicted frequencies.
Table 5.3
Normalized Difference between Actual and Predicted Peak Locations
for the Axial Velocity Case
a) Numerical values for Figure 5.6
Mode Peak I Peak 2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.163 -0.212
4 -0.117 -0.203 -
5 -0.080 -0.129 -0.214 -0.274
a) Numerical values for Figure 5.7
Mode Peak 1 Peak 2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.173 -0.183
4 -0.168 -0.161 -
5 -0.174 -0.156 -0.245 -0.248
The Axial Velocity case always predicts a zero surface height at the orifice
wall. Therefore, this boundary condition case matches the actual behavior of the78
free surface better than the radial velocity case. As a result, this boundary
condition case will be used for all of the remaining peak location predictions.
5.1.4Radial Velocity Case Frequencies vs. Axial Velocity Case peak locations
Because of the following two facts: i) the previous two cases both indicated
that the frequency predictions were too high; and ii) for any given mode number
the frequency prediction for the radial velocity case is lower than the axial velocity
case; it was decide to look at the images for the radial velocity modalfrequency
predictions using the axial velocity case peak location predictions. The results of
this comparison are shown in Figure 5.8 and Figure 5.9, with the differences shown
in Table 5.4. These data show the agreement between the observed and predicted
peak locations is better than either of the cases examined so far. However, the
observed peak locations are still inside the predicted locations, indicating that the
modal frequencies for the axial velocity boundary condition are lower than the
radial velocity case predictions.50
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Figure 5.8
Radial Velocity Case Surface Images for Nozzle A; Low Amplitude; Plotted with
Axial Case Peak Predictions; Mode Numbers 3 through 650
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Figure 5.9
Radial Velocity Case Surface Images for Nozzle C; High Amplitude; Plotted with
Axial Case Peak Predictions; Mode Numbers 3 through 681
Table 5.4
Normalized Difference between Actual and Predicted Peak Locations
for the Radial Velocity Case Frequencies Using the Axial Peak Locations
a) Numerical values for Figure 5.8
Mode Peak I Peak 2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.131 -0.149 -
4 -0.064 -0.066
I
5 -0.040 -0.059 -0.114 -0.14.8
6 -0.086 -0.107 -0.175 -0.18.4
a) Numerical values for Figure 5.9
Mode Peak I Peak 2
Number
(n) Left SideRight SideLeft SideRight Side
3 -0.098 -0.066
4 -0.048 -0.075 -
5 -0.080 -0.034 -0.137 -0.140
6 -0.089 -0.064 -0.104 -0.097
5.1.5Resonant Frequency Correlation
Since the observed peak locations and the predicted peak locations have not
matched in the analysis performed so far, and the observed peak locations are
consistently inside the predicted locations, this indicates the predicted modal82
frequencies are too high. Determination of the frequencies where the observed
peak locations match the predicted peak locations is in order. Using the images
collected from the frequency sweep on Nozzle C, comparing then to the predicted
peak locations for each mode, and noting the frequencies where the observed and
predicted peak locations match, will accomplish this task. This comparison will be
performed using the axial velocity case peak predictions, because this wall
boundary condition case provides better agreement with the actual behavior of the
surface at the wall.
The comparison was only performed for mode numbers four, five and six.
The comparison was not performed for mode number three or below because sweep
data were not collected below 3000 Hz. It can be seen from the analysis so far that
the modal frequencies for the axial velocity case are below the predicted modal
frequency for the radial velocity case. For Nozzle C, the predicted radial velocity
case frequency for mode number 3 is 3193 Hz, this is only 200 Hzabove the
minimum frequency collected during the sweep. Given the gradual change in
surface shape from one mode number to the next, and the amount the predicted
peak locations differ from the observed values, it is expected that the actual modal
frequency will not be found for mode three.
Figure 5.10, Figure 5.11, and Figure 5.12 show the comparison of the gray
scale images to the predicted peak locations for mode numbers 4, 5 and 6
respectively. Each figure shows eight images, each image increasing in frequency
by 100 Hz. In Figure 5.10 and Figure 5.11, the low-end frequency was selected83
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Determination of Actual Modal Frequency for Mode Number 4 on Nozzle C
f =5600 Hz f =6000 Hz
tOO 00
200 200
300 300
200 400 600 800 000 200 200 400 600 800 000 200
J=5700 Hz f6100 Hz
100 100
200 400 600 800 1000 1200 200 400 600 800 1000 200
1=5800 Hz J=6200 Hz E___
200 400 600 800 1000 1200 200 400 600 800 000 200
J5900 Hz J-6300 Hz -
200 400 600 800 000 1200 200 400 600 800 000 200
Figure 5.11
Determination of Actual Modal Frequency for Mode Number 5 on Nozzle C!iI
f=6300 Hz
200 400 600 800 1000 200
1=6400 Hz
200 400 600 800 1000 200
J=6500 Hz-
200 400 600 800 1000 1200
1=6600 Hz-
200 400 600 800 1000 1200
1=6700 Hz-
200 400 600 800 1000 200
J=6800 Hz
200 400 600 800 1000 200
f =6900 Hz
200 400 600 800 000 200
f =7000 Hz
200 400 600 800 1000 200
Figure 5.12
Determination of Actual Modal Frequency for Mode Number 6 on Nozzle C
such that the predicted peaks fall inside the actual peaks, and the high-end
frequency was selected such that the predicted peaks fall outside the actual peaks.
The images near the middle of the frequency range show excellent agreement
between the actual and predicted peak locations. From this match-up of the peak
locations, the modal frequencies can be determined within an uncertainty level. In
this case the uncertainty level in the modal frequencies for modes 4 and 5 is judged
to be ±300 Hz. The modal frequencies for mode numbers are 4850, and 5950 Hz
respectively.
Figure 5.12 also shows 8 images each separated by 100 Hz. However, the
high-end frequency is limited by the upper boundary of the frequency sweep range,
7000 Hz. This figure shows that the observed and predicted peak locations for85
mode 6 begin to match-up just below 7000 Hz, and appear to match at 7000 Hz.
Therefore, this value is assigned as the actual modal frequency for mode 6.
However, since it is not possible to tell if the predicted peak locations move to the
inside of the actual peak locations as the frequency is increased, uncertainty level
for this modal frequency has been assigned to be + 500, -300 Hz.
The predicted modal frequencies, as a function of mode number, for both
wall boundary conditions for Nozzle C are plotted in Figure 5.13 along with the
observed modal frequencies for the axial velocity case, determined above. This
figure graphically shows the downward shift of the observed modal frequency
compared to the predicted frequency for this wall boundary condition. Also
included in this figure is a plot of a correlation function calculated from the
observed modal frequency data. The correlation is of the following form:
Clo
j=_----_( (52)
n2pRj
The termC/nis a correction factor for the predicted frequency, the remaining
terms in the expression, Eq. (41). The constant C is determined by linear
regression, to be 3 for the limited data set available in this work. Given the limited
data available to generate a correlation, three data points for a single orifice
diameter, a simple form of the correlation was chosen. This form does not
represent the physics of the problem; it only captures the trend of the data, which
shows an increasing difference from the predicted frequency with increasing mode
number. Ideally the effect of the correlation would diminish with mode numberuntil there was no effect at mode number 2. This correlation does not perform in
this manner through all mode numbers, but the lack of data at the lower mode
numbers prevents a more sophisticated correlation.
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Figure 5.13
Comparison between Predicted and Observed Modal Frequencies for Nozzle C
The reason for this apparent downward shifting of frequency is not
specifically known, but it is speculated to be due to one or more of the following
three causes. The first potential cause for this downward shift in modal frequency
is from a surface tension effect at the edge of the orifice not accounted for in the
wall boundary condition used in the theoretical prediction. Including an effect such
as a specified contact angle, or range of allowable contactangels between the free
surface and the orifice wall would have an effect on the resultant surface shapes,
and could result in the annular peaks being pushed inward toward the centerline.87
Therefore, because this cause modifies the locations of the predicted peak locations
rather than the modal frequencies, it would make it appear that the predicted modal
frequency is too high, when in reality they are not.
The second potential effect is from capturing both physical aspects of the
wall boundary condition, the "no-slip' and the "impermeable wall' effects. The
governing equation did not allow both wall boundary conditions to be specified
simultaneously. The effect of including both wall boundary conditions
simultaneously could be similar to the effect of first cause, an inward shifting of the
predicted peak locations. However, since the modal frequency is in part due to the
wall boundary condition, the modal frequency would most likely change as well.
The third potential cause is a higher order effect from the orifice length to
diameter ratio (L/D). It has been shown in the literature (Mack, 1962 and Fultz and
Murty, 1963), that a small L/D ratio has the effect of reducing the modal frequency
of the instability. This effect would be a higher order effect since its impact on the
frequency is increasing with mode number, as would be expected.
5.2CENTRAL PEAK SHAPE
Figure 5.14 and Figure 5.15 show the comparison between the observed
central peak surface shape and the predicted surface shapes for both wall boundary
condition predicted modal frequencies. The plots shown have the best agreement
between observed and predicted surface shape. The surface shape plotted in black
is the difference between the actual surface shape in the image and the average
static surface shape, and the green lines indicate the uncertainty in this modifiedr'T
surface shape. The amplitudes of these surface shapes have been normalized to one
for ease of comparison with the predicted surface shapes. The predicted surface
shapes for the axial and radial velocity cases are shown in blue and red
respectively. The predicted curves match the observed surface shapes well,
generally within the uncertainty level indicated. Although these figures only show
the plots with the best agreement, notice that these individual plots are for Nozzles
A and C, as well as low and high driving amplitudes. As such, it can be concluded
that the Bessel function prediction for the surface shape matches well with the
actual surface shapes for the range of orifice sizes and driving amplitudes tested.Mode Number 2; Nozzle A; High Amplitude
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6.CONCLUSIONS AND RECOMMENDATIONS
6.1CONCLUSIONS
The characteristics of the instabilities on the surface of an orifice driven by
a periodic forcing function have been studied both theoretically and experimentally
in this work. The theoretical studies predict a Bessel function shape for the free
surface, and from this the location of the annular peaks can be determined. Two
separate cases for the wall boundary condition were examined, first zero radial
velocity at the wall, and second zero axial velocity at the wall. The first of these
cases is found generally in the literature. The second of these cases is a new
examination performed in this work. The second case is thought to better capture
the actual behavior of the free surface at the orifice wall.
The experimental work shows that these instabilities do have the
characteristics of the Bessel function, a central peak surrounded by one or more
lower annular peaks depending on driving frequency. It is also shown that the
shape of the central peak does generally match the Bessel function central peak
shape. However, the observed locations of the annular peaks do not match the
predicted locations when the surface is examined at the predicted modal
frequencies. The actual peak locations always fall inside the predicted locations,
indicating the modal frequencies have shifted down. This was examined, and
modal frequencies were obtained by comparing the data collected during a
frequency sweep to predicted peak locations. From these frequencies, a correlation92
was developed to correct the predicted modal frequencies for the axial velocity wall
boundary condition case. This correlation is only based on three data points for a
single orifice, and is not based on the physics of the problem. It simply modified
the original frequency prediction with a multiplicative factor that is a function of
the mode number. The reason for this downward shift in modal frequency is
believed to be caused by either surface tension and wetting effects at the top edge
of the orifice, by higher order orifice length to diameter ratio effect, viscous effects
near the wall, or a combination of all these effects.
The visualization system developed to document the surface shapes
provided images with excellent contrast and detail as compared to those shown in
the literature.It is also shown that detailed information can be obtained from these
images with reasonable levels of uncertainty.
6.2RECOMMENDATIONS
In order to better understand the downward shifting of modal frequencies,
several items should be investigated. First, modal frequencies need to be obtained
for a wider range of mode numbers, and orifice sizes. Second, determination of the
effect of the orifice length to diameter ratio needs to be determined by
experimentally examining several orifices of the same diameter, but different
depths. These two experimental tasks will shed more light on the primary cause for
the downward shift of the modal frequencies is. Lastly, a better characterization of
the free surface wall boundary condition, beyond the setting of a "no-slip" wall93
boundary condition used in this study, needs to be developed for a more accurate
theoretical prediction of surface shapes.
Since the primary interest in this type of droplet formation is currently from
the ink-jet industry, and size of the orifices in their devices is at least one, if not
two, orders of magnitude smaller, an investigation of these smaller orifice sizes is
in order. The purpose of this study would be to determine whether the physics
change as the orifice diameter is decreased to these sizes.
It is also recommended in future work that not only the shape of the surface
instabilities be studied, but also the amplitude of these instabilities. In order to do
this, a better understanding of the impact of the static surface profile on the final
surface profile is required. The development of the surface shapes shortly after the
onset of the driving signal also needs to be understood. Both of these items could
impact the consistency of the droplet size generated. Additionally, the surface
instabilities should be driven to the point of droplet generation. This would provide
valuable information on the droplet formation mechanism and provide a means to
predict droplet size as a function of orifice radius and mode number.BIBLIOGRAPHY
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Detail Drawings of Droplet Ejector100
This Appendix contains the detail drawings for the construction of the test
device. These drawings were created from solid models developed in Pro-
Engineer. Also included are exploded views of the major sub-assemblies of the test
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APPENDIX B
Sample Set of Experimental Data Collected115
The data that follows is the complete set of data collected on Nozzle C.
There are two pages for each test condition. The within a test condition are
numbered sequentially from I through 20. The base file name of each test
condition appears at the top of the page of images, and contains the information
about that condition. As an example, in the base file name "C-1240-1500-A": C
indicates the images are for Nozzle C; 1240 is the driving frequency 1240 Hz; 1500
is the driving amplitude multiplied by 1000; and A is a sequence number which for
a unique file name should the test conditions be repeated. Again, a complete set of
data for all nozzles is available upon request.100
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